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Model for the spectrum of density pulsations in a stratified layer of fluid is proposed. It assumes
presence of the mechanism vertical turbulent exchange resulting from breaking of the internal waves
and formation of the turbulent patches. The mechanism is considered to be quite widespread in many
regions of the World Ocean. Modeling implies consideration of two sources of fluctuations: internal
waves existing in the whole layer and turbulence concentrated within a certain number of patches
distributed within the layer under consideration. The scale ranges of the internal waves and turbulence
are partially overlapped; at that the maximum scale of turbulent pulsations is limited by a patch size.
Basing on the theory of locally isotropic turbulence and assuming that the oscillations inside a patch
are described by harmonic functions, it is shown that their local frequency and local amplitude are
connected by the analytical relationship. In the model functions, both the amplitude and the phase of
oscillations are randomized, white noise is added to them. The major features of influence of various
specified characteristics of the patches and internal waves upon the spectrum shape are determined.
The experimental data have being analyzed by means of the proposed model permit to evaluate the
scales and amount of the patches, as well as their turbulence energy level. The model also exhibits
validity of the earlier developed energy approach for defining the scales of turbulent patches.
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Introduction
Mixing in the ocean stratified layers has a pronounced feature that consists in
density increase with depth leading to a decrease in the intensity of vertical
movements. Therefore, until the middle of the 20th century it was believed that
there was practically no vertical exchange in the ocean thickness with stable
stratification. This fact was reflected in proposals to arrange the radioactive waste
disposal at the sea bottom, in particular the Black Sea. But measurements applying
high-resolution CTD probes have shown that changes in hydrological characterristics with depth possess a complex intermittent nature, i. e. layers with a certain
density gradient alternate with completely intermixed fluid layers which is caused
by the action of various physical mechanisms, the most important of which is
turbulence.
According to the contemporary conception, a special role in vertical mixing in
the stratified layers belongs to internal waves. Steady stratification, obstructing the
turbulent exchange, promotes the intense internal wave development. For this
reason, the internal waves are the most probable source of turbulence and the
formation of the hydrophysical field microstructure in the ocean [1]. Mechanism of
local instability and breaking of quasi-horizontal shear flows created by inertialgravitational internal waves is considered to make the main contribution to vertical
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turbulent exchange in many World Ocean regions [2]. Numerous observations in
the ocean confirm the fact that turbulence in stratified flows is generated by nonregular instability disturbance events leading to the appearance of separate
turbulent patches [3]. Turbulent mixing inside such patches results in the formation
of vertical heat and mass fluxes in natural currents. The spectra constructed on the
basis of the pulsating value measurements in the probing process in such layers
have some common features which were described in [4]. Fig. 1 shows the scheme
of the temperature gradient pulsation spectrum, where the sections corresponding
to internal waves and turbulence can be seen [4].

Fig. 1. Schematic form of the temperature gradient fluctuation spectrum vs a vertical wave number
according to Gregg [4]. The scale L, depending on the Brent-Väisälä cyclical frequency N c ,
corresponds to the effective scale of the turbulent patches

Many studies have been devoted to the research of the internal wave influence on
turbulent exchange. The fundamental works of S. Thorpe [5, 6], T. Osborn [7] and others
made a significant contribution to development of the concept about dynamic processes
in stratified layers. From the recent studies, among many others an experimental study of
internal waves in a thermocline [8] can be singled out. There the influence of the Kelvin
waves on the turbulence intensity was discovered. A direct numerical modeling of the
stably-stratified flow behavior, taking into account the fluid viscosity dependence on the
temperature for various Reynolds numbers, is carried out in [9]. In [10] the spatial
distribution of the turbulent energy dissipation rate and diapicnic mixing were studied
based on observations in the Antarctic Circumpolar Current. It was shown that the
dissipation rate is greater in the regions with a higher intensity of internal waves and also
near-bottom irregularities.
In the present work a mathematical modeling of the turbulent patch effect on
the form of the spectrum of pulsating values in a stably-stratified fluid layer with
certain set of internal waves of different amplitudes and a random phase is carried
out. This modeling was aimed to develop a method for analyzing experimental
data, including the estimation of the effect of the number and size of patches
formed inside the layer on the spectrum shape. The reliability check of the method
described in [11] for determining the patch sizes from the local minimum of the
vertical spectrum of the pulsation gradients was also performed. The important
issue in the experimental spectra interpretation which the model study can also
assist at, is the quantitative relationship relation between the intensity of turbulent
pulsations and internal waves. The isolated elements of the results presented here
were discussed in the thesis of one of the authors [12].
32
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Modeling of the turbulent patches
As already noted, the internal wave breaking and the interlayer formation with
increased turbulence intensity is one of the most important vertical exchange
mechanisms in stratified layers. Since, as a rule, there are simultaneously many
systems of internal waves in such layers, the localization of the turbulent patch
formation is a random process. The main factor that increases break probability is
the increasing of wave energy density per volume unit. Consequently, the number
and extent of turbulent patches are determined by the internal wave intensity and in
the final analysis characterize the vertical mixing efficiency. Real profiles of
hydrophysical features reflect the presence of such intermixed regions formed as
a result of the breaks which can clearly seen in Fig. 2.

Fig. 2. Manifestations of turbulent patches on density profiles (according to the data of the Sigma-1
complex probing in the expedition on R/V Experiment to the northwestern part of the Black Sea
in 2007) [13, 14]. The circle shows the location of one patch, the inset presents an enlarged view

Fig. 3 shows the experimental energy spectra of temperature pulsations and
temperature gradient pulsations. In the present case the temperature makes a decisive
contribution to the density changing. As was shown in [4] the local minimum in the
gradient spectrum corresponds to the effective scale of turbulent patches.

a

b

Fig. 3. Experimental spectra according to the Sigma-1 measurements in the Black Sea, R/V
Akademik in 2004, station 18 [14]: (а) spectrum of temperature pulsations in the depth range of 41 –
– 83 m, thin lines specify the 95 % confidential interval, (b) spectrum of temperature gradient
pulsations vs vertical wave number
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To construct the mathematical model it should be mentioned that in the
turbulent patch ∆= [ τ − L / 2, τ + L / 2] of scale L with a center in point z = τ the
density can be expressed in the following way:
 z −τ+ L/ 2
=
ρ( z ) L ψ 
 + c, z ∈∆,
L



(1)

where c is the constant defined by ρ(z) values within its boundaries; ψ is some
universal function with the compact carrier concentrated in the interval [0, 1].
It is to be recalled that in order to validate the formula (1) in addition to
Kolmogorov's hypotheses on the locally isotropic turbulence properties [15] the
following argument was used.
Suppose g(x) is some function, and G(x) = g(L-1x). The Fourier transformation
is denoted by the symbol above:
∞

gˆ (k )
=

∫ g ( x) exp(−ikx)dx ,

−∞

where k is the wave number. The following property of this transformation is
known:
Gˆ (k ) = Lgˆ ( Lk ) .

It follows that the formula (1) is in complete agreement with the
approximation obtained on the basis of the experimental data of the temperature
gradient pulsations spectrum in the patch. This spectrum has the following form
[14]:
0, 0< k ≤ (2π) / L

∂T'ˆ
.
=
(k )

13
γ(
L
)
k
,
k > ( 2π ) / L
∂z

2

=
F (k )

(2)

The multiplier γ(L) = L before ψ in the formula (1) is found from the equation
for the local minimum point k min of the gradient spectrum in a layer with one
turbulent patch of the scale L:
k 2 γ( L) L Φ ( Lk ) =
1,
ˆ x) + xψˆ '( x) ) ; с w is some positive constant
where the function Φ
=
( x) cw−1 ( ψ(
characterizing the wave processes occurring in the studied layer, while the
experimental fact that k min in case of one patch has the order L-1 in relation to its
scale, i.e. k min ~ L-1 [14], is taken into account.
In accordance to the concept in [16, pp. 141-144], the function ψ(z) describing
the process in the “single” turbulent patch [0,1] represents a certain sum of chirps,
i.e. the functions of the following form:
α

f α,β, ζ ( z ) =
A z − ζ cos ( B z − ζ

−β

) , α, β > 0, ζ ∈ (0, 1) ,

(3)

localized in the neighborhood of their centers ζ by multiplying by some finite nonnegative even function φ(z – ζ) satisfying the condition φ(0) = 1. In the existing
terminology α is called the Hölder exponent and β is the oscillation exponent [16].
34
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In [17] the following approximated formula was obtained:
fˆα,β,ζ (ν) ≈ C (α,β, A, B) ν

−

2α +β + 2
2(β +1) iη( ν;α,β, A, B )

e

,

(4)

describing the chirp Fourier transformation behavior with parameters α, β in the
region of central frequencies, where C(α, β, A, B) and η(ν, α, β, A, B) are some
known constant and function of the variable ν, respectively. The formula (2)
implies the spectrum decrease rate estimation:
| fˆα,β, z0 (ν) |2 ∼ ν

−

2α +β + 2
β +1

.

(5)

On the basis of the estimation procedure of the Fourier transformation orders
developed in [18], it can be concluded that the localization of the chirp by
multiplying it by some infinitely differentiable function φ(z – ζ) with a carrier
concentrated in some neighborhood of the center has no effect on the feasibility of
relations (4) and (5).
Combining the expression (5) with the spectrum decreasing index – 5/3 [15]
which follow from Kolmogorov’s hypotheses, it can be concluded that in the
turbulent zone the local amplitude | z − ζ |α and the local frequency | z − ζ |−β−1 are not
arbitrary, but are related by a rigid analytical relation:
2α + β + 2 5
= ,
β +1
3

from whence it follows:
=
β 3α +

1
.
2

(6)

Thus, this observation means that in the sum expressing the function ψ(z),
there are only those chirps in which the Hölder exponent and the oscillation
exponent are binded by the relation (6), and the scheme itself is one-dimensional
rather than two-dimensional, as was originally assumed in the paper [16].
In the discrete model α axis is divided by points α j = δj, j = 1, 2 …N. The
corresponding set Ω j of points ζ in which the chirp with parameters α j and β j = 3α j
+ + 1/2 is present can be determined on the basis of some experimental data. In this
case, the recalculations of data from the patch of certain scale L to 1 are carried out
according to the formula (1).
Complementing the hypotheses of local isotropic turbulence by assuming
certain uniformity in the distribution of turbulent characteristics in a patch, it is
obtained that in the discrete variant each set Ω j is represented by some finite set
k P
{ζ j }k =1 of the points uniformly distributed on the interval [0, 1]. The number of
j

j

j

such points P j for the patch j is found from the condition of the model
correspondence to the experimental data.
Considering that, based on the aforementioned assumption, the parameters A
and B in the formula (3) should be statistically the same for all the chirps with
centers at the points of one block Ω j , the following formula for the model
description of the function ψ(z) is obtained:
N

Pj

(

ψ( z ) =
∑∑ Aj | z − ζ j j | j cos B j | z − ζ j j |
k

α

=j 1 =
kj 1
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k

− (3α j +1/2)

)φ ( z − ζ

kj
j

).
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In the initial model it is assumed that the parameters A j и B j are selected
almost arbitrarily, but in such a way that the natural condition is satisfied from the
physical viewpoint: the continuous norm of the first summand in the formula (1)
should be incommensurably smaller than the addend, i. e. the density fluctuations
should be much smaller than the mean value. In fact, taking into account the data
on C and η from the formula (4), these parameters can be described by means of
some single universal constant c turb which is responsible for the turbulence level in
the considered patch or layer.
Another possible refinement of the model involves the replacement of the
cosine function in the formula (1) by some linear combination of cosine and sine,
i.e. with the introduction of the phase, leading to the following formula, taking into
account the presence of internal waves and turbulent patches in the stratified layer:
M
N P

ψα,β ( z ) =az + ∑ biα sin(li z ) + θ( z ) +  ∑∑ cβj ,k cos(λ j ,k z1k ) + ξ k ( z1k )  ,
=i 1
=j 1 =k 1


(7)

where a, b and c are some dimensional coefficients; α and β are the indices
determining the spectrum change law of the corresponding process; l and λ are the
wave numbers of internal waves and turbulent pulsations, respectively; M and P is
the number of their harmonics; N is the quantity of turbulent patches; θ and ξ k is
white noise of different intensity; z is the vertical coordinate; z 1 is the coordinate in
the patch. The first term on the right side of the model series was added for the
general correspondence to the required function to the real value (the presence of
stratification) and was not taken into account when the spectrum calculating. The
second and third terms correspond to the wave spectrum range, the fourth and fifth
(in square brackets) ones correspond to the turbulent range.
Results of the calculations
To obtain a satisfactory agreement with experimental spectra in the given
examples (Fig.3), up to 80 harmonics for internal waves and up to 50 for turbulent
pulsations were used in the calculations using the formula (7). The model spectrum
of internal waves with turbulence and in its absence is shown in Fig. 4. The scale L
of the patches in this case was set within the range from 0.1 to L max = 1.5 m, the
locations were at regular intervals throughout the layer. In modeling of the
turbulent patches, the function with a compact carrier limiting the range of
pulsations to these patch boundaries was used.
One of the problems solved by such modeling was the validation of the
method described in [11] used in calculating the mean size of turbulent patches
<L> for the vertical temperature spectra and its gradient. Fig. 5 shows examples of
the spectra of gradients with different specified mean sizes of model patches. A
good correspondence with the scales L k , determined by the local minimum on the
spectrum can be seen. Consequently, the validity of the method used to estimate
<L> is confirmed by modeling.
Estimation of the spectrum form variation depending on the number of
patches, their distribution in size, depth localization, etc. by means of modeling is
also very useful. Fig. 6 shows a number of model spectra calculated for different
scales of turbulent patches, as well as for different intensities of both internal
waves and turbulence in the patches.
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Fig. 4. Model energy spectra of internal waves (IW) and the total signal of internal waves and
turbulence, concentrated within the patches (IW + Turb). The number of patches was 10, they were
distributed evenly throughout the entire layer and the mean scale of the patches was <L> ≈ 0.8 m

Fig. 5. Model spectra of the pulsation gradients for various mean scales of turbulent patches. The
number of patches in both cases was 10. <L> is the specified mean scale of the patches

Calculation of model spectra in different combinations of input parameters
permitted to determine certain features of the effect of the specified characteristics
of patches and internal waves on the spectra form:
– Size of the patches influences on the position of the local minimum on the
spectrum: mean size increase whole leads in the large to minimum shift to the longwave spectrum range but in some cases there may be deviations from this rule
which is determined by the turbulence intensity inside the patches.
– Arrangement of patches by size (increase or decrease with depth) does not
affect the spectrum form.
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– An increase in the quantity of patches on retention of the mean size leads to
an increase in the spectral level in the range of turbulent patches scales that may
influence on the position of the minimum.
– The position of the local minimum depends on the ratio of the oscillations
intensity due to the internal waves and turbulence; at the same time the total
spectrum level also changes.

Fig. 6. Model pulsation spectra (left) and pulsation gradient spectra (right) for a different number of
turbulent patches and various energy levels, σ is the total signal dispersion, σ t is the dispersion of
turbulent pulsations
38
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Fig. 6. (continuation)

It should be highlighted the noted features are valid on average. The individual
realizations showed a moderate scatter both in the internal wave energy levels and
in the form and level of the turbulent pulsation spectrum, since each separate
calculation depends on a random set of oscillations.
Consequently, the used approach to microstructural spectra model construction
allows obtaining the results close to real data and, by comparison, making
estimations of the turbulent characteristics in the in situ data. This model relevance
PHYSICAL OCEANOGRAPHY ISS: 5 (2017)
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lies both in the verification of theoretical conclusions and in the discovery of new
regularities in the turbulent patch formation and dynamics in stratified layers.
A comparative analysis of the experimental and model spectra makes it possible to
estimate the quantity of turbulent patches and the mean intensity of turbulent
pulsations in the studied layer.
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