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Introduction. Analysis of numerical simulation of the inertial oscillations evolution in a storm period
in the northeastern Black Sea is represented in comparison with the observations and the analytical
solutions. The simulations confirm significant contribution of the inertial motions to formation of the
velocity fields. It is shown that inertial oscillations do not affect the sea level changes and their
character depends on vertical structure of the sea upper mixed layer.
Data and methods. Comparison the simulation results to the drift observations in the Black Sea were
represented. It is noted that intensity of inertial oscillations in the deep-sea areas significantly exceeds
the one in the shallow areas. At that, contribution of the inertial currents to the Black Sea general
circulation in the deep-sea zone is comparable to that of the mesoscale motions. Analytical solution of
the inertial oscillations’ equation system (taking into account wind and its absence) was studied.
Results. Inertial oscillations are excited in the velocity module due to an abrupt change of the wind
speed. Moreover, harmonic oscillations are disturbed with depth. After the wind affect is over, the
current velocity is barotropized due to fast transition from a quasi-stationary state to another one. It is
shown that inertial oscillations are of two time scales conditioned by vertical viscosity.
Discussion and conclusion. The first, short time scale is responsible for rapid formation of a new
quasi-stationary state. It does not depend on the viscosity coefficient and is approximately equal to
two inertial periods. The other, longer scale of the inertial oscillations attenuation, is associated with
the energy drain of quasi-stationary oscillations from the upper layers of the sea to the deeper ones.
This slow process of attenuation is proportional to the root of time.
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Introduction
Storms in the Black Sea are quite common events [1–3], they are strongest in
winter and also in transitional seasons – in spring and autumn. Such events include
the strongest storm on March 23–24, 2013, when almost the entire sea area was on
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the periphery of a deep cyclone [1, 4]. From the analysis of drifter data, it follows
[5, 6] that inertial oscillations make a significant contribution to the formation of
a field of currents in the Black Sea and in periods of storms are not inferior in
energy to mesoscale eddy motions. However, their intensity is different in various
parts of the sea [6].
This paper presents the results of the numerical modeling data analysis of the
Black Sea circulation during the storm, their physical interpretation, as well as
the study of the analytical solution of the system of equations describing them.
Description of the technology for obtaining the calculated felds
of currents and their analysis
The State Oceanographic Institute implemented the Operational Current
Calculation System (OCCS) to solve the problem of calculating circulation in the
waters of the Black and Azov Seas. For its operation, the Institute of Numerical
Mathematics Ocean Model (INMOM) of the Russian Academy of Sciences [7] and
the Weather Research Forecast (WRF) regional non-hydrostatic model of
atmospheric circulation [8] are used. Their characteristics and verification results
are described in detail in [1, 9].
The study of the storm situation according to the results of calculations using
the WRF model showed that wind speeds during the storm period exceeded 20 m/s
(Fig. 1). Nevertheless, since the bottom topography in the region has a steep
character, the wind surge at the coast did not exceed 20 cm (Fig. 2).

F i g. 1. Wind field over the Black Sea in different moments of storm evolution

As seen in Fig. 2, the currents show no correspondence with Ekman's
stationary theory. In the open sea part, the velocity vectors turn clockwise with
time and do not show a relation with the level gradients, which is typical of inertial
flows [10–15]. Correspondence with the gradient level is visible only in coastal
136
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areas. Thus, in the sea area, inertial oscillations make the main contribution to
the generation of currents in a storm situation.

F i g. 2. Sea level isolines (solid lines – positive values and stroke ones – negative values) and
currents velocities near the surface (arrows, cm/s) in the eastern Black Sea for the same time moments
as on Fig. 1. Scale of the velocity vectors is under the figure

Analysis of the vertical structure of wind speed at a point with coordinates of
43.0°N, 39.2°E (Fig. 3), corresponding to the deep-sea area, shows that inertial
oscillations with an appropriate latitude inertial period of 17.6 h are actually
observed. At the same time, oscillations with inertial frequency are not reflected in
wind speed [10], but there is a pronounced phase shift between the maxima of wind
speed and speeds of inertial movements in the sea (Fig. 3), which confirms their
inertial nature with respect to the driving force of the wind.
In [16] the amplitude of the velocity of inertial oscillations
is estimated,
which is average in the upper quasi-homogeneous layer (UQHL), depending on the
wind speed:
,
(1)
where the wind friction stress is calculated using a bulk formula (see, for example,
[7]);
is the wind friction stress module with speed
at the height of
10 m;

and

is water and air density,
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coefficient of friction; f is the Coriolis parameter; H is the OQHL thickness.
Assuming that (according to Fig. 3) in (1)
15 m/s, in the upper layer under
Н = 5 м,
100 cm/s is obtained, and in the layer Н = 20 m
25 cm/s is
obtained, which agrees well with the calculations shown in Fig. 2 and 3.

F i g. 3. Temporal variation of module (m/s, black line) and direction (degrees, red line) of wind
speed (а), meridian (b) and zonal (с) components (cm/s) and module of currents velocity (d) in the
point 43.0° N, 39.2° E (velocities on the depths are shown by colors and numbers: 1m – curve 1;
5 m – curve 2; 10 m – curve 3; 15 m – curve 4; 20 m – curve 5; 30 m – curve 6) and also vertical
profile of conventional density σt (kg/m3) in the very same point (e)

According to the vertical density profile at the point of analysis, two elevated
gradients of quasi-homogeneous layers separated by a zone can be distinguished:
the first one – at a depth of 0–7.5 m, the second – at a depth of 9–25 m (model
data, Fig. 3e). It is seen that the values of the amplitudes of the inertial velocities
are grouped within these layers [17]. With a slight change in wind exposure,
inertial oscillations change only in the upper layer, remaining the same in the lower
one. Such changes in the velocity in the upper part of the QHL disagreed with the
changes in the lower part of the QHL are marked by circles in Fig. 3. Changes in
wind speed correspond to these time points (Fig. 3a).
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F i g. 4. Fragments of trajectories of drifters No. 17430 (a) and No. 16331 (b) (numbers on the
trajectories denote the number of days since a drifter launch); normalized autocorrelations R of zonal
component of drifters No. 17430 (c) and No. 16331 velocities (d) taking into account (thin line) and
taking no account (solid line) of inertial oscillations; total spectral density of velocity components u
and of drifters No. 17430 (e) and No. 16331(f) [6]

The amplitude of inertial oscillations decreases with depth, and their harmonic
character is distorted (Fig. 3d). The inertial oscillations practically do not penetrate
below the density jump, to a depth of 30 m, having an amplitude of less than
5 cm/s.
PHYSICAL OCEANOGRAPHY VOL. 26 ISS. 2 (2019)
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Comparison with field observations
The peculiarities of the Black Sea circulation in the upper layer at different
time scales [5] can be illustrated, in particular, by the results of the international
drifter experiment 1999–2002 published in [6]. As already shown above, according
to the results of a numerical experiment, inertial oscillations in the open part of the
sea are pronounced. This is in good agreement with the data of drifter observations.
Fig. 4 shows the results of these drifters, the trajectories of which are localized in
the deep-water (drifter No. 17430) and relatively shallow-water (drifter No. 16331)
areas of the sea. It can be seen that in the deep-sea area the inertial oscillations of
the velocity of currents in the upper layer are pronounced much more clearly in
comparison with the shallow-water region and are comparable in energy with
mesoscale movements [6]. Presented in Fig. 3, the simulation results of currents at
the analysis point refer to the deep-water zone. This suggests that the inertial
currents here should be well manifested, which follows from the figure.
Analytical study of the behavior of inertial oscillations
Fig. 3d shows the loss of the harmonic nature of the velocity module
fluctuations with depth; while in the velocity components the harmonic nature is
preserved at all depths. To find out the cause, the behavior of inertial oscillations
based on an analytical solution of the system of equations describing them is
considered.
Drift currents (Ekman and inertia ones) are described by a simple system of
linear equations.
(2)

where u and v are zonal and meridional components of the velocity of currents,
depending on the depth and time ; is the kinematic coefficient of the vertical
turbulent viscosity.
Properties of the solution to the system of equations (2) are convenient to
consider when setting simplified boundary conditions. It is as if the western wind,
= 15 м/c) and direction so
starting from some point t = 0, is constant in speed (
that the wind friction stress components are
and
. Further, when the
decision is established (in this case this period is conventionally assumed to be
15 days), the wind instantly turns to zero.
If the
velocity of currents is imagined in a complex
form
, then the system of equations (2) can be
expressed by the only one equation as follows
(3)
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with general boundary conditions

(4)

Substitution in (3) of w by
, where
amplitude of inertial oscillations, results in the classical diffusion equation

is the

(5)
for the amplitude (or velocity module) of inertial motions with their own boundary
conditions, which follow from (4). Equation (5) describes the amplitude decay with
depth and in the stationary case – it follows a linear law.
Solving the given problem of excitation and attenuation of inertial oscillations,
the boundary and initial conditions divide the general problem (3) – (5) into two
subtasks. The first describes the occurrence of inertial oscillations under the
western wind action with boundary conditions

(6)

the second – is the attenuation of inertial movements in the absence of wind:

(7)

where M(z) is the solution of problem (5) and (6) on the 15th day.
It should be noted that by virtue of (6) and (7) the amplitude of forced inertial
oscillations (under the wind action) will be complex and free (in the absence of
wind) – real, i.e. the amplitude of forced inertial oscillations will also experience
(see below ) close to harmonic oscillations at inertial frequency.
The solution of the first problem (5) and (6) for the module of inertial
movements is written in the form [13]
(8)
or for components of speed – in the form obtained also in [13]:

(9)
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On the sea surface, the solution (9) is reduced to a simpler form:

(10)

where

and

are Fresnel integrals,

determining the behavior of inertial velocities on the sea surface with a phase shift
between u and π/2, are clearly visible in Fig. 3 and 5.
The second problem (6) and (7) is solved in the following way. When t  t15
the (5) and (7) problem solution will be expressed as follows
.

(11)

F i g. 5. Graphs of analytical solution of the inertial oscillations equation system with wind pumping
and without it (blue curve – wind speed zonal component, purple one – wind speed meridian
component)

Then the general solution of problem (5) and (7) for the amplitude of free
inertial motions is written through the Poisson integral [18]:
, (12)
where
. In this case, the solution of the problem due to the vertical viscosity
will be rearranged from one solution to another. This time can be estimated as
, where

is the characteristic thickness of the

exponential attenuation in the classical Ekman problem (see, for example, [19]).
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That is, approximately in two inertial periods and, interestingly, regardless of the
vertical viscosity coefficient value, inertial oscillations are rearranged from being
forced by the wind to the free mode. Thus, the forced solution with exponential
attenuation in depth over time
is reconstructed to a form close to linear and the
transmission of viscous perturbations in depth decreases many times. In this case,
the solution of problem (5) and (7) with
approximately can be
written for the components of the velocity as
(13)
From (13), it follows that when wind action ceases, the inertial components of
the velocity of currents are directly proportional to sine and cosine, and therefore
the phase shift between the components of velocity is π/2. At the same time, free
inertial oscillations, according to their form (13), do not appear in the velocity
module. This confirms the well-known position that they are not manifested in the
power industry, since the Coriolis force is perpendicular to the velocity vector and
does not carry out work [19].
Fig. 5 shows the solution of equations (8), (9), (12) and (13) for friction stress,
= 15 m/s and vertical diffusion coefficient
corresponding to wind speed
v = 20 cm2/s, as suitable for strong storm conditions at calculating it using the
INMOM model. It can be seen that the inertial oscillations under the action of a
constant wind attenuate, tending to a stationary solution of the Ekman problem
[19], when at the sea surface the velocity of currents is directed at an angle of 45°
to the wind. In this case, the velocity module of inertial currents in the presence of
wind also oscillates with the inertial frequency in exact accordance with the
solution (8). At that, if at the surface these module oscillations are close to the
harmonic ones, then with depth their harmony is disturbed. This is fully consistent
with the calculations for the INMOM model (Fig. 3d). After the termination of
wind exposure, the velocity module does not oscillate in exact accordance with
solution (12), (13). At the same time, the amplitude (read – the kinetic energy) of
inertial movements in the upper layers decreases and increases in the deep layers,
i.e., the oscillation energy (barotropization) is redistributed due to vertical viscosity
processes when the energy of the average Ekman motion is redistributed from the
upper layers to the lower ones. At the same time, there is a curious fact: from a
certain characteristic depth (in this case, 10 m) in the lower layers, the energy of
inertial motions becomes greater than before the cessation of wind exposure.
Solutions for speeds (8) and (11), the graphs of which are shown in Fig. 5,
have two time scales. The first, short scale (about two inertial periods) is
determined by the vertical viscosity with the coefficient ν and is responsible for the
formation of a new quasistationary state. At the same time, as was shown above,
this scale does not depend on the viscosity itself. Another longer scale of
attenuation of inertial oscillations is associated with the drain of energy of
quasistationary movements, more intense in the upper layers, into the deep layers
of the sea. According to the form of analytical solutions (9), (10) and (12), this
attenuation at large time is approximately proportional to the square root of time.
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Conclusions
The paper presents an analysis of the results of numerical simulation of the
Black Sea in the period of a strong storm, exciting inertial oscillations. Their
physical interpretation is given and the analytical solution of the system of
equations describing them is studied.
The analysis of inertial oscillations based on the results of numerical
simulation using the INMOM hydrodynamic model and the WRF atmospheric
model showed that these oscillations make a significant contribution to the
formation of the currents velocity field and their excitation is caused by a sharp
change in the value of the wind speed module. At the same time, they have
practically no effect on the change in the depth of the jump in density and sea level.
Analysis of the vertical structure of inertial oscillations showed that there is
a separation of inertial motions in amplitude and phase at different depths in the
surface layer. With the depth, the amplitudes of the inertial oscillations are grouped
in quasi-homogeneous layers, and the harmonic nature of the amplitudes is
distorted.
By means of analytical solutions, it is shown that inertial oscillations in the
velocity module appear only under wind pump. At the same time, their harmonic
character is disturbed with depth. After the wind termination, the velocity of the
currents is barotropized by a rapid restructuring from one quasistationary state to
another for approximately two inertial periods. In this case, the amplitude of
inertial motions in the upper layers decreases, and in the deep ones it increases so
that, with a certain characteristic depth in the lower layers, the energy of inertial
motions becomes even greater than before the wind stops.
The fact that the inertial frequency is manifested in the module of the water
movement velocity with a compelling force of the wind, has a simple physical
explanation. Since proper inertial movements occur in the Lagrangian interpretation
along a circle, in the case when the speeds of these movements coincide with the
direction of the wind, their increase occurs, while the opposite – a decrease.
It is shown that inertial movements have two time scales determined by
vertical viscosity. The first – the short scale, is responsible for the formation of a
new quasistationary state. It does not depend on the vertical viscosity coefficient
and is approximately equal to two inertial periods. Another one – the longer scale
is associated with the energy drain of quasistationary inertial oscillations from the
upper to the deep layers of the sea. This slow attenuation process is proportional to
the square root of time.
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