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Abstract 
Purpose. The study is purposed at deriving the discrete equations of absolute and potential vorticity for 
a three-dimensional stratified incompressible fluid as an exact consequence of the finite-difference 
equations of sea dynamics in the field of a potential mass force in the adiabatic approximation provided 
that viscosity and diffusion are absent. The properties of two-dimensional projections of the absolute vorticity 
equation onto coordinate planes and the three-dimensional potential vorticity equation are analyzed. 
Methods and results. In order to determine the discrete analogues of absolute and potential vorticity, an 
additional grid is introduced, where the finite-difference equations for the components both of absolute 
and potential vorticity are written down. Two-dimensional analogues of the three-dimensional equation of 
absolute vorticity on the planes (x, y), (y, z) and (x, z) are obtained; they possess the feature of preserving 
vorticity, energy and enstrophy (square of vorticity). A discrete equation for potential vorticity of 
a stratified incompressible fluid is derived from the finite-difference system of three-dimensional 
equations of sea dynamics in the adiabatic approximation at the absence of viscosity and diffusion. 
Conclusions. In the case of a linear equation of state, the discrete equations of absolute vorticity and 
potential vorticity which are the exact consequence of finite-difference formulation are obtained. 
The equation of potential vorticity is of a divergent form, and two-dimensional analogues of the absolute 
vorticity equation on the planes (x, y), (y, z) and (x, z) have two quadratic invariants that provide 
preservation of the average wave number. 
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Introduction 
Currently, increasing attention is being paid to the study of vortex flows in seas 

and oceans based on the analysis of potential vorticity of a stratified fluid, which 
began with the works [1, 2]. A special role is played by the well-known Ertel’s 
theorem [2], which establishes a connection between the displacements of isopycnal 
surfaces and the vorticity flow of an ideal fluid. Under the condition of mass force 
potentiality, incompressibility of fluid and absence of viscosity and diffusion, 
the water motion is isopycnic in nature, so that a particle of liquid located on 
the surface of constant density remains on it during movement. A detailed 
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presentation of historical and scientific chronology of potential vorticity (PV) 
research is given in [3, 4]. 

Transition to a discrete system of fluid dynamics equations raises the question 
of correspondence of the resulting difference solution to its continuous analogue and, 
in particular, satisfaction of PV conservation law in a finite-difference problem. 
The importance of this approach is that the Ertel potential vorticity equation 
describes the balance between nonlinear forces in the equations of motion and 
the density advection equation. Therefore, small errors associated with 
the inconsistency of discrete equation for potential vorticity with the original finite-
difference formulation can lead to incorrect conclusions. In addition, the derivation 
of equation for PV in a relatively general form (without a quasi-static 
approximation) provides subsequent studies of any of its simplified versions. 

Schemes that ensure satisfaction of a number of conservation laws for one-
dimensional shallow water equation are considered in [5]. A new finite-difference 
scheme has been obtained, where the laws of energy, mass, center of mass, and 
momentum conservation are observed. Difference analogues, which have a set of 
linear and quadratic invariants, were studied for two-dimensional equations of flow 
dynamics. In [6], invariant discretization schemes are constructed for one-dimensional 
and two-dimensional shallow water equations with periodic boundary conditions. It is 
indicated that for maintaining invariance a redistribution of grid points is required, i.e., 
during the process of integrating model equations the grid cannot remain fixed. 
The resulting schemes conserve mass and momentum, but are not energy efficient. 

The works 1, 2 are devoted to the development of a new numerical method for 
spatio-temporal solution for two-dimensional Navier–Stokes equations in 
the incompressibility approximation. It consists in constructing difference schemes 
that satisfy conservation laws in an integral formulation, not in a differential form. 
Therefore, discretization of model equations is carried out on the basis of the balance 
between energy and mass flows at the boundaries of discrete regions for local and 
integral variables 1. 

The work 2 considers an improved version of flow approximation at 
the boundaries of regions, which provides a systematic and rigorous derivation of 
conditions for modeling differential equations while maintaining mass and 
momentum. For two- and three-dimensional Navier–Stokes equations 
in the incompressibility approximation, their discretization is studied in 
the formulation of energy – momentum – angular momentum conservation [7]. It is 
demonstrated that energy is conserved at skew-symmetric linearization of 
the Navier–Stokes equations, and momentum and angular momentum are conserved 
at Newtonian linearization. Based on numerical calculations, it is concluded that 
linearization with two Newton steps at each time step ensures preservation of all 
three parameters over large time intervals. 

1 Scott, J.R. and Chang, S.-C., 1993. A New Flux Conserving Newton's Method Scheme for the 
Two-Dimensional, Steady Navier-Stokes Equations. NASA Technical Memorandum; 106160. NASA, 
50 p. Available at: https://ntrs.nasa.gov/api/citations/19930019437/downloads/19930019437.pdf 
[Accessed: 29 March 2024]. 

2 Scott, J.R., 1994. A New Flux-Conserving Numerical Scheme for the Steady, Incompressible 
Navier-Stokes Equations. NASA Technical Memorandum; 106520. NASA, 49 p. Available at: 
https://ntrs.nasa.gov/api/citations/19940024968/downloads/19940024968.pdf [Accessed: 29 March 
2024]. 
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In [8], a generalization of the Arakawa–Lamb scheme [9] with high-order 
discretization, but accurate to time approximation, was obtained. It was revealed that 
the properties of symmetry and the laws of energy and enstrophy conservation are 
satisfied for periodic problems using high-order summation-by-parts operators. 

Significant progress in this direction is due to the results of work [10]. 
It provides a discrete construction of the Nambu and Poisson brackets, which 
preserves their antisymmetry property. In turn, this makes it possible to construct 
numerical models of incompressible fluid flows in two and three dimensions 
satisfying basic conservation laws. The schemes conserve energy and potential 
vorticity, as well as potential enstrophy [11], which is considered particularly 
important since it prevents spurious energy flow into high-wavenumber motions. 
Based on time-discrete analogues of Nambu brackets, a difference scheme that has 
two discrete quadratic invariants (energy and potential enstrophy) in time and space 
is obtained. This demonstrates the possibility of generalizing the Arakawa–Lamb 
scheme to a time-discrete model without loss of invariants [12]. 

The present work lies in the field of the abovementioned studies and focuses on 
derivation of potential vorticity discrete equation for an incompressible stratified 
ideal fluid as an exact consequence of model difference equations without a quasi-
static approximation. 

Potential vorticity equation of a stratified incompressible fluid 
in differential formulation 

We are to consider a system of differential equations for a stratified incompressible 
fluid in a field of potential forces under the conditions of adiabaticity and the absence 
of diffusion, viscosity and external sources. Then, in the Boussinesq approximation in 
the Cartesian coordinate system, the fluid motion in the region Ω with boundary ∂Ω in 
the Gromeka–Lamb form is described by the following system of equations: 

0 0

ρU 1ξ U ( ) ,
ρ ρ

x P E g
t

∂
+ = − ∇ + +

∂






    (1) 

U 0∇ =


,              (2) 

div( U) 0,T T
t

∂
+ =

∂



 (3) 

+ div( U) = 0,dS S
dt



 (4) 

ρ = ( , ).f T S      (5) 

The following notations were introduced: U ( , , )u v w=


 are the components of 
flow velocity vector along the axes (x, y, z) directed to the east, north, and vertically
downward, respectively; g = (0, 0, g) is gravitational acceleration; (T, S, P, ρ) are
seawater temperature, salinity, pressure, and density; ρ0 = 1 g/cm3  (further we assume 
pressure and density normalized to ρ0); f



= (0,0, )zf  is the Coriolis parameter, where 
zf  = 2ω sinϕ; ω is angular velocity of the Earth’s rotation; ϕ is latitude. Relationship 

(5) is the equation of state, which in this work is assumed to be linear. In terms of 
satisfying the conservation laws in a discrete problem, such an assumption is 
a fundamental simplification, which will be discussed in more detail later. 
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An absolute vorticity and kinetic energy of motion are introduced into equation (1): 
 

ξ ξ , ξ , ξ ),x y z= (


 

ξ ξ ξ ,x y z zw v u w v u= - , = - , = - + f
y z z x x y

∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

        (6) 

2 2 2

0ρ .
2

u v wE + +
=    (7) 

At z = 0 ,tw = −ς  at z = H(x, y) 0w = .           (8) 
 

At the side walls the impermeability conditions are as follows: 
       for meridional 0,u =  for zonal boundary sections 0.v =     (9) 

For temperature and salinity, the conditions of the absence of flows are set. 
Initial conditions: 

at t = t0 (T, S) = (T0, S0), u = u0, v = v0, w = w0.        (10) 
Applying the rot operation to equation (1), for ξ



 we obtain 

(ξ× U) ( ).g
t

∂ξ
+ ∇× = ∇× ρ

∂






   (11) 
 

Equation (11) explicitly describes the transformation of an important 
hydrodynamic characteristic – an absolute vorticity. Correct approximation of 
the properties of this equation is of fundamental importance. For example, if the right 
side of this equation (barotropic motion) is equal to zero, the Helmholtz theorem 
conditions are satisfied and vortex filaments and vortex tubes 3 are preserved in 
the liquid. To fulfill these properties, the finite-difference approximation of 
the system of equations (1)–(6) in case of constant density must result in a discrete 
equation of the absolute vorticity with a zero right-hand side. Otherwise, 
computational features arise in the difference problem. 

Due to absolute vorticity (6) definition, we have 
ξ 0.∇ =


(12) 
Then equation (11) can be rewritten as follows: 

ξ U( ξ) ξ ( U ) ( ρ ).g
t

∂
+ ∇ − ∇ =∇×

∂



  


           (13) 

If two-dimensional motion in (x, y), (x, z), (y, z) planes is considered, then for 
each projection the following conservation laws can be specified. In (x, z) plane, for 
example, equations (2) and (13) are rewritten as 

ξ ξ ξ+ = 0, + u + = 0.
z

y y yu w v
x t x z
∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂

Then the conservation laws (ψ y  is stream function): 
2 2

ξ (ξ ) ( ψ ) 0
y y yd d d

t t tΩ Ω Ω

∂ ∂ ∂
Ω = Ω = ∇ Ω =

∂ ∂ ∂∫ ∫ ∫  

and the antisymmetry property are satisfied: (ψ , ξ ) (ξ , ψ ).y y y yJ J= −  
If two quadratic conservation laws are satisfied, it can be demonstrated 4 [12] 

that the average wavenumber does not depend on time. This property means that 

3 Kochin, N.E., Kibel, I.A. and Roze, N.V., 1964. Theoretical Hydromechanics. New York: 
Interscience Publishers, 577 p. 

4 Dymnikov, V.P., 1984. [Computational Methods in Geophysical Fluid Dynamics]. Moscow: 
Department of Computational Mathematics of the USSR Academy of Sciences, 148 p. (in Russian). 
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a systematic energy transfer to high-wavenumber motions cannot exist. If this 
property is not met in the numerical model, a false (computational) energy cascade 
to minimally resolved (two-step) waves on the grid may occur. The group velocity 
of two-step waves is zero, so energy accumulates on these scales. 

The vorticity equation in the form (13) allows to obtain the potential vorticity 
equation for a stratified incompressible fluid. 

The equations (3)–(5) imply the density advection equation 
ρ div(ρU) 0.
t

∂
+ =

∂



       (14) 

Due to equality (12), we have 

U( ξ) ξ ( U) [ ( ρ )] 0.g   ∇ ∇ −∇ ∇ −∇ ∇× =   
 

 

                           (15) 
From the density advection equation (14) we obtain three equations for density 

gradients. To do this, we differentiate equation (14) sequentially with respect to x, y, 
z. We multiply the resulting equations by ξ , ξ ,ξ ,x y z equation (13) – by
the corresponding derivatives of ρ . After simple transformations, considering 
relations (14) and (15), we obtain the equation for PV [2]: 

ω ( )ω 0, ω ξ ρ,U
t

∂
+ ∇ = = ∇

∂


  (16) 

where ω  is potential vorticity of a stratified incompressible fluid. Equations (2) and 
(16) imply an important integral conservation law for a three-dimensional motion of 
a baroclinic fluid 

ω 0.d
t Ω

∂
Ω =

∂ ∫           (17) 

Equality (17) means that potential vorticity ω is conserved in each particle as it 
moves. Let us note that equation (16) characterizes the main feature of a stratified 
incompressible fluid under the following conditions: potential mass force (gravity 
force) and incompressibility of seawater, absence of viscosity and density diffusion 
in motion equations [4]. The result obtained by G. Ertel has two remarkable features. 
If we consider any Lagrangian invariant (for example,ϑ ) instead of density, then 
ω= ξ∇ϑ



 will also be an invariant [4]. The second feature is that for an 
incompressible fluid, due to the form of equation (16), an invariant is any Ψ operator 

differentiable with respect to ω. Let us multiply (16) by '.d
d
Ψ

= Ψ
ϖ

Then we get 

( ) 0d
dt
Ψ ϖ

= , (ω) 0, (ω) const.d d
t Ω Ω

∂
Ψ Ω = Ψ Ω =

∂ ∫ ∫

Discrete equation of absolute vorticity and conservation laws 
We approximate a basin with an uneven bottom by boxes; their centers 

correspond to integer values of indices i, j, k ( 1 1,..., , ,..., ,N Mi i i j j j= =  
k = 1, …, Ki, j), edges – to i+1/2, j+1/2, k+1/2. Horizontal dimensions of the boxes 
( ,x yh h ) are constant; uneven approximation ( 1/2

1/2 1/2 1,k k
z k k z k kh z z h z z+

+ − += − = − ) 
is applied vertically [13, 14]. 

Difference operators have the following form (for j, k – similarly): 
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1/2, , 1/2, , 1/2, , 1/2, , 2 2 2
, , , , , , , , , , ,, , ,

2
x i j k i j k i j k i j k
i j k x i j k x y i j k x i j k y i j k

xh
+ − + −φ + φ φ − φ

φ = δ φ = ∇ φ = δ φ + δ φ

, ,

, , , ,
, , 1 , 1

1 1{ } , { } , .
i j i j

k

K K
V k k

i j k x y i j k z x y z x y
i j i j k i j kk

h h h h h V h h h
V

Ω

= =

φ = φ φ = φ =
Ω ∑ ∑ ∑ ∑ ∑  

Temperature, salinity, and horizontal velocity components are calculated at zk 
horizons, vertical velocity is calculated at zk+1/2 horizons. The distribution of 
variables is given in Fig. 1.

F i g.  1. Distribution of variables in box (i, j, k). PV (ω) is determined at the box vertices indicated by an 
asterisk, and the components of absolute vorticity , 1/2, 1/2, 1/2,1/2, , 1/2ξ ,ξ ,ξyx z

i j k i j ki j k+ + ++ +  are determined

at its edges 

According to notations (6), (7) and (18), we write out the finite-difference 
equations of model (1)–(5) (differential in time) [9, 14]: 

1/2, ,
1/2, / 1/2, ,1/2, , 1/2, ,

,ξ ,ξ δ ( ),i j k z y
x i j k i j ki j k i j k

du
v w E P

dt
+

+ ++ +
   − + = − +     (19.1)

, 1/2,
, 1/2, , 1/2,, 1/2, , 1/2,

,ξ ,ξ δ ( ),i j k z x
y i j k i j ki j k i j k

dv
u w E P

dt
+

+ ++ +
   + − = − +        (19.2) 

, , 1/2
, , 1/2 , , 1/2 , , 1/2, , 1/2 , , 1/2

,ξ ,ξ δ ( ) ρ ,i j k y x
z i j k i j k i j ki j k i j k

dw
u v E P g

dt
+

+ + ++ +
   − + = − + +     (19.3) 

, , , , , ,δ δ δ 0,x i j k y i j k z i j ku v w+ + =  (20) 

, ,
, , , , , , , , , , , ,δ ( ) δ ( ) δ ( ) 0,i j k

x i j k i j k y i j k i j k z i j k i j k

dT
u T v T w T

dt
+ + + =        (21) 

, ,
, , , , , , , , , , , ,δ ( ) δ ( ) δ ( ) 0,i j k

x i j k i j k y i j k i j k z i j k i j k

dS
u S v S w S

dt
+ + + =               (22) 

, , , , , , .ρ βαi j k i j k i j kT S+=  (23) 

In accordance with difference operators (18), the vorticity components (Fig. 1) 
have the following form: 

, 1/2, 1/2 , 1/2, 1/2 , 1/2, 1/2ξ δ ( ) δ ( ),x
i j k y i j k z i j kw v+ + + + + += −  

(18) 
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1/2, , 1/2 1/2, , 1/2 1/2, , 1/2ξ δ ( ) δ ( ),y
i j k z i j k x i j ku w+ + + + + += −                        (24) 

1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2ξ δ ( ) δ ( ) .z z
i j k x i j k y i j k jv u f+ + + + + + += − +  

 

From approximation (24) it follows that at points i + 1/2, j + 1/2, k + 1/2 
(analogous to (12)) the following is fulfilled: 

δ ξ δ ξ δ ξ 0.x y z
x y z+ + =                                    (25) 

We assume that the terms in square brackets on the left side of equations (19.1)–
(19.3) are written down in the form 

1, , 1/2, , , , 1/2, ,
1/2, , 1/2, , 1/2, ,

ξ ξ1[ ,ξ ] 2 ξ ,
3 2

y y
z zyxy i j k i j k i j k i j kz z

i j k i j k i j k

v v
v v + + −

+ + +

 + = + 
  

 

 

1, , 1/2, , , , 1/2, ,
1/2, , 1/2, , 1/2, ,

ξ ξ1[ ,ξ ] 2 ξ ,
3 2

z z
y yzxz i j k i j k i j k i j ky y

i j k i j k i j k

w w
w w + + −

+ + +

 + = + 
  

 

 

, 1, , 1/2, , , , 1/2,
, 1/2, , 1/2, , 1/2,

ξ ξ1[ ,ξ ] 2 ξ ,
3 2

x x
z zxxy i j k i j k i j k i j kz z

i j k i j k i j k

u u
u u + + −

+ + +

 + = + 
  

     (26) 

 

, 1, , 1/2, , , , 1/2,
, 1/2, , 1/2, , 1/2,

ξ ξ1[ ,ξ ] 2 ξ ,
3 2

z z
x yzyz i j k i j k i j k i j kx x

i j k i j k i j k

w w
w w + + −

+ + +

 + = + 
  

 

 

, , 1 , , 1/2 , , , , 1/2
, , 1.2 , , 1/2, , 1/2

ξ ξ1,ξ 2 ξ ,
3 2

x x
y yxxz i j k i j k i j k i j ky y

i j k i j ki j k

u u
u u + + −

+ ++

 +   = +  
  

 

 

, , 1 1/2, , , , 1/2, ,
, , 1/2 , , 1/2, , 1/2

ξ ξ1,ξ 2 ξ .
3 2

z z
x xyyz i j k i j k i j k i j kx x

i j k i j ki j k

v v
v v + + −

+ ++

 +   = +  
  

 

 

Finite-difference representation (26) ensures, in the case of two-dimensional 
divergence-free motion in (x, y), (x, z), (y, z) planes, the fulfillment of two quadratic 
conservation laws: kinetic energy and enstrophy (vorticity square), as well as 
antisymmetry property [9, 14]. 

Taking into account expression (24) and relations (26), we write down 
the equations for the components of the absolute vorticity – for ξ x  at 
, 1 / 2, 1 / 2i j k+ +  point, for ξ y  at 1 / 2,  1 / 2,  i j k+ +  point, and for ξ z  at 

1 / 2,  1 / 2,  i j k+ +  point (analogue of equation (13)): 
ξ δ ([ ,ξ ]) δ ([ ,ξ ]) δ ([ ,ξ ]) δ ([ ,ξ ]) gδ ρ ,

x zx x y z
y z y z y

d v w u u
dt

+ + − − =          (27.1) 
 

ξ δ ([ ,ξ ]) δ ([ ,ξ ]) δ ([ ,ξ ]) δ ([ ,ξ ]) gδ ρ ,
y zy y x z

x z x z x
d u w v v
dt

+ + − − = −         (27.2) 
 

ξ δ ([ ,ξ ]) d ([ , x ]) δ ([ ,ξ ]) δ ([ ,ξ ]) 0.
z

z z x y
x y x y

d u v w w
dt

+ + − − =                (27.3) 
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We are to analyze the system of equations (27.1)–(27.3) in terms of fulfillment 
of conservation laws. 

Let us consider, for example, two-dimensional divergence-free motion in (x, z) 
plane. In this case, continuity equation (20) is transformed to the form 

, , , ,δ δ 0x i j k z i j ku w+ =                                             (28) 
 

and provides the introduction of the flow function: 1/2, 1/2, , 1/2 , 1/2δ ψ , δ ψ .y y
i k z i k i k x i ku w+ + + += =  

 

From the continuity equation (28), it follows that 
 

2 2
1/2, 1/2 1/2, 1/2 1/2, 1/2ξ δ ψ δ ψ .y Y y

i k z i k x i k+ + + + + += +  
 

The vorticity equation is simplified and transformed [9] to the form 
 

3
1/2, 1/2

1/2, 1/2 1/2, 1/2
1

ξ 1 (ψ ,ξ ) 0,
3

y
i k y y

s i k i k
s

d
J

dt
+ +

+ + + +
=

+ =∑                          (29) 

where 1 1/2, 1/2 1/2, 1/2 1/2, 1/2 1/2, 1/2δ (ψ )δ (ξ ) δ (ψ )δ (ξ ),
x y y x

y y y y
x i k y i k y i k x i kJ + + + + + + + += −  

 

2 1/2, 1/2 1/2, 1/2 1/2, 1/2 1/2, 1/2δ ψ δ (ξ ) δ ψ δ (ξ ) ,
x y

y x
y y y y

x i k y i k y i k x i kJ + + + + + + + +

   
= −      

   
             (30) 

 

3 1/2, 1/2 1/2, 1/2 1/2, 1/2 1/2, 1/2δ ξ δ (ψ ) δ ξ δ (ψ ) .
x x

x y
y y y y

y i k x i k x i k y i kJ + + + + + + + +

   
= −      

   
 

 

Expression (30) means that equation (29) has two quadratic invariants: 
 

2 2
1/2, 1/2 1/2, 1/2

1/2, 1/2
, ,

2
1/2, 1/2

,

(δ ψ ) (δ ψ )
ξ 0, 0,

2

(ξ ) 0.

y y
x i k z i ky k k

i k x z x z
i k i k

y k
i k x z

i k

d dh h h h
dt dt

d h h
dt

+ + + +
+ +

+ +

 +
= =  

 

=

∑ ∑

∑
      (31) 

 

Approximation of nonlinear terms in equation (29) provides the antisymmetry 
property: 

 

1/2, 1/2 1/2, 1/2 1/2, 1/2 1/2, 1/2(ψ ,ξ ) (ξ ,ψ ).y y y y
i k i k i k i kJ J+ + + + + + + += −                     (32) 

 

A similar situation occurs for the motion in (y, z) and (x, y) planes: 
2 2

1/2, 1/2 1/2, 1/2
1/2, 1/2

, ,

2
1/2, 1/2

,

(δ ψ ) (δ ψ )
ξ

2

(ξ ) 0,

x x
y j k z j kx k k

j k y z y z
j k j k

x k
j k y z

j k

d dh h h h
dt dt

d h h
dt

+ + + +
+ +

+ +

 +
= =  

 

= =

∑ ∑

∑
            (33) 

 

1/2, 1/2 1/2, 1/2 1/2, 1/2 1/2, 1/2(ψ ,ξ ) (ξ ,ψ ),x x x x
j k j k j k j kJ J+ + + + + + + += −  

 

2 2
1/2, 1/2 1/2, 1/2

1/2, 1/2
, ,

2
1/2, 1/2

,

(δ ψ ) (δ ψ )
ξ

2

(ξ ) 0,

z z
x i j y i jz

i j x y x y
i j i j

z
i j x y

i k

d dh h h h
dt dt

d h h
dt

+ + + +
+ +

+ +

 +
= =  

 

= =

∑ ∑

∑
        (34) 

 

1/2, 1/2 1/2, 1/2 1/2, 1/2 1/2, 1/2(ψ ,ξ ) (ξ ,ψ ).z z z z
i j i j i j i jJ J+ + + + + + + += −  

 

Along with the feature of total energy conservation [5], relations (31)–(34) 
ensure the presence of two quadratic discrete invariants in the system of equations 
(1)–(5) with boundary (8)–(9) and initial (10) conditions. 
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Discrete equation of potential vorticity of a stratified incompressible fluid 
We consider the properties of system (27.1)–(27.3) in the case of three-

dimensional motion. We write this system in the following form: 
 

1/2, 1/2, 1/2
1/2, 1/2, 1/2 1/2, 1/2, 1/2

ξ
gδ (ρ ),

x
x

x xzi j k x
i j k y i j k

d
dt

+ + +
+ + + + + ++ ϒ =           (35.1) 

1/2, 1/2, 1/2
1/2, 1/2, 1/2 1/2, 1/2, 1/2

ξ
gδ (ρ ),

y
y

y yzi j k y
i j k x i j k

d
dt

+ + +
+ + + + + ++ ϒ = −          (35.2) 

1/2, 1/2, 1/2
1/2, 1/2, 1/2

ξ
0,

z
z

zi j k z
i j k

d
dt

+ + +
+ + ++ ϒ =                            (35.3) 

where 
, 1/2, 1/2 , 1/2, , 1/2,

, 1/2, , 1/2,

δ ([ ,ξ ]) δ ([ ,ξ ])

δ ([ ,ξ ]) δ ([ ,ξ ]) ,

x x x
i j k y i j k z i j k

y z
y i j k z i j k

v w

u u
+ + + +

+ +

ϒ = + −

− −
 

 
 

1/2, , 1/2 1/2, , 1/2 1/2, , 1/2

1/2, , 1/2 1/2, , 1/2

δ ([ ,ξ ]) δ ([ ,ξ ])

δ ([ ,ξ ]) δ ([ ,ξ ]) ,

y y y
i j k x i j k z i j k

x z
x i j k z i j k

u w

v v
+ + + + + +

+ + + +

ϒ = + −

− −
        (36) 

 
 

1/2, 1/2, 1/2, 1/2, 1/2, 1/2,

1/2, 1/2, 1/2, 1/2,

δ ([ ,ξ ]) δ ([ ,ξ ])

δ ([ ,ξ ]) δ ([ ,ξ ]) .

z z z
i j k x i j k y i j k

x y
x i j k y i j k

u v

w w
+ + + + + +

+ + + +

ϒ = + −

− −
 

 
 

It is easy to verify that according to relation (25), equations (27.1)–(27.3) at 
point i + 1/2, j + 1/2, k + ½  and definition (36) we obtain 

 

1/2, 1/2, 1/2 1/2, 1/2, 1/2 1/2, 1/2, 1/2δ ( ) δ ( ) δ ( ) 0.x y z
x i j k y i j k z i j k+ + + + + + + + +ϒ + ϒ + ϒ =             (37) 

 

Note that equality (37) is satisfied because density linearly depends on 
temperature and salinity. We assume that from equations (21)–(23) follows 
a discrete equation for density, which has the following form: 

, ,
, , , , , , , , , , , ,

ρ
δ ( ρ ) δ ( ρ ) δ ( ρ ) 0.i j k

x i j k i j k y i j k i j k z i j k i j k

d
u v w

dt
+ + + =                    (38) 

We write equation (38) at the points ( , 1 / 2, 1 / 2),i j k+ +  ( 1 / 2, , 1 / 2),i j k+ +  
( 1 / 2, 1 / 2, )i j k+ + , respectively: 

, 1/2, 1/2
, 1/2, 1/2 , 1/2, 1/2 , 1/2, 1/2 , 1/2, 1/2

, 1/2, 1/2 , 1/2, 1/2

ρ
δ ( ρ ) δ ( ρ )

δ ( ρ ) 0,

yz
yz yzi j k

x i j k i j k y i j k i j k

yz

z i j k i j k

d
u v

dt

w

+ +
+ + + + + + + +

+ + + +

+ + +

+ =

 (39.1) 

1/2, , 1/2
1/2, , 1/2 1/2, , 1/2 1/2, , 1/2 1/2, , 1/2

1/2, , 1/2 1/2, , 1/2

ρ
δ ( ρ ) δ ( ρ )

δ ( ρ ) 0,

xz
xz xzi j k

x i j k i j k y i j k i j k

xz

z i j k i j k

d
u v

dt

w

+ +
+ + + + + + + +

+ + + +

+ + +

+ =

 (39.2) 

 

1/2, 1/2,
1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2,

1/2, 1/2, 1/2, 1/2,

ρ
δ ( ρ ) δ ( ρ )

δ ( ρ ) 0.

xy
xy xyi j k

x i j k i j k y i j k i j k

xy

z i j k i j k

d
u v

dt

w

+ +
+ + + + + + + +

+ + + +

+ + +

+ =

 (39.3) 
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We differentiate equation (39.1) in the finite-difference sense with respect to x, 
(39.2) with respect to y and (39.3) – to z. As a result, we get 

 

1/2, 1/2, 1/2
1/2, 1/2, 1/2

δ (ρ )
δ ( ) 0,

yz

x i j k x
x i j k

d
R

dt
+ + +

+ + ++ =                   (40.1) 
 

1/2, 1/2, 1/2
1/2, 1/2, 1/2

δ (ρ )
δ ( ) 0,

xz

y i j k y
y i j k

d
R

dt
+ + +

+ + ++ =                   (40.2) 
 

  1/2, 1/2, 1/2
1/2, 1/2, 1/2

δ (ρ )
δ ( ) 0,

xy

z i j k z
z i j k

d
R

dt
+ + +

+ + ++ =                   (40.3) 
 

where the notations , 1/2, 1/2 1/2, , 1/2 1/2, 1/2,, ,x y z
i j k i j k i j kR R R+ + + + + +  are obvious. 

Let us mention the properties of the introduced functions in equations (39.1)–
(39.3) and (40.1)–(40.3). They have the following form: 

 

1/2, 1/2, 1/2, 1/2, 1/2 1/2, , 1/2 1/2, 1/2,ρ ρ ρ ρ ,
x y z

yz xz xy xyz

i j ki j k i j k i j k + + ++ + + + + += = =                  (41) 
 

, 1/2, 1/2 1/2, , 1/2 1/2, 1/2, 1/2, 1/2, 1/2 1/2, 1/2, 1/2

1/2, 1/2, 1/2 1/2, 1/2, 1/2 1/2, 1/2, 1/2 1/2, 1/2, 1/2

δ ( ρ )

δ ( ρ ) δ ( ρ )

x y z xyz
x y z
i j k i j k i j k x i j k i j k

xyz

y i j k i j k z i j k i j k

R R R u

v w

+ + + + + + + + + + + +

+ + + + + + + + + + + +

= = = +

+ +
. 

 

We assume that the difference analogue of PV is defined at point 
1 / 2, 1 / 2, 1 / 2i j k+ + + and is written down as follows: 1/2, 1/2, 1/2i j k+ + +ϖ =  

1/2, 1/2, 1/2 1/2, 1/2, 1/21/2, 1/2, 1/2 1/2, 1/2, 1/2

1/2, 1/2, 1/2 1/2, 1/2, 1/2

ξ δ (ρ ) ξ δ (ρ )

ξ δ (ρ ).

x yyz xzx y
i j k x i j k yi j k i j k

z xyz
i j k z i j k

+ + + + + ++ + + + + +

+ + + + + +

= + +

+
 (42) 

 

Determination of potential vorticity of a three-dimensional stratified fluid (42) 
at the box vertices is determined by the fulfillment of discrete equation (25). 

To obtain a difference analogue of Ertel’s theorem (15), we multiply equations 
(35.1)–(35.3) by 1/2, 1/2, 1/2 1/2, 1/2, 1/2 1/2, 1/2, 1/2δ (ρ ), δ (ρ ), δ (ρ ),

yz xz xy

x y zi j k i j k i j k+ + + + + + + + +  and 

the system (40.1)–(40.3) – by 1/2, 1/2, 1/2 1/2, 1/2, 1/2 1/2, 1/2, 1/2ξ ,ξ ,ξ
x y z

x y z
i j k i j k i j k+ + + + + + + + + , 

respectively. As a result, at point i + 1/2, j + 1/2, k + 1/2 we get 
 

ω δ (ρ ) δ (ρ ) δ (ρ ) ξ δ ξ δ ξ δ 0.
x y z x y zyz xz xyx y z x x y y z z

x y z x y z
d R R R
dt

+ ϒ + ϒ + ϒ + + + =  
 

Since ξ ,ξ ,ξx y z satisfy relation (25), , ,x y zϒ ϒ ϒ  – relation (37), with regard to 
equalities (41), at point i + 1/2, j + 1/2, k + 1/2 we obtain finite-difference equation 
of potential vorticity (differential in time) of a stratified incompressible fluid in 
a divergent form: 

( ) ( ) ( ) 0.
yz xz xyx x x y y y z z z

x y z
d R R R
dt
ω
+ δ ϒ ρ + ξ + δ ϒ ρ + ξ + δ ϒ ρ + ξ =      (43) 

 

Note that formally there is no difficulty in obtaining equation (43) with temporal 
discretization. Due to additional indexing, difference equations become cumbersome 
and therefore difficult to read. 
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Strictly speaking, the form of nonlinear terms in equation (43) does not 
correspond to their differential analogue (15). The integral over domain from ωd

dt
 is 

equal to zero when the following relations are satisfied at the boundaries: 
 

, 1/2, 1/2 , 1/2, 1/20, 0x x
i j k i j kR+ + + +ϒ = =  at     1, Ni i i i= = , 

1/2, , 1/2 1/2, , 1/20, 0y y
i j k i j kR+ + + +ϒ = =  at    1, Mj j j j= = ,              (44) 

1/2, 1/2, 1/2, 1/2,0, 0z z
i j k i j kR+ + + +ϒ = =  at     ,1 / 2, 1 / 2i jk k K= = + , 

From relations (44) it follows that additional boundary conditions, which are absent 
in the original formulation, are required. 
 

Conclusion 
A finite-difference analogue of absolute vorticity is written out for the system of 

equations of an ideal fluid without a quasi-static approximation. Projections of this 
equation onto two-dimensional subspaces (x, y), (y, z), (x, z) preserve energy, vorticity, 
enstrophy and have the antisymmetry property. To obtain the well-known Arakawa–
Lamb scheme for the shallow water equations, it is necessary to write out an original 
difference system of equations for horizontal velocities that differs from (26). 

The original result is the obtained discrete equation for potential vorticity of 
a stratified incompressible fluid as an exact consequence of the original finite-
difference system of equations which have a divergent form. In this case, density 
satisfied the linear equation of state, the approximation of which in this case ensures 
both total energy conservation and the divergent form of equation for PV. 
If a nonlinear density dependence on temperature and salinity is applied, a special 
density approximation at the box edges is required to preserve total energy. In this 
case, an additional term occurs in the discrete potential vorticity equation; it has no 
analogue in the differential problem. Another problem arises from the form of 
advective terms in the PV equation, which are fundamentally different from their 
differential counterparts. In order for the potential vorticity to be conserved, we require 
additional boundary conditions under which the PV discrete analogue is an invariant. 
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